A Catalan Subset of Descending Plane Partitions by Keller, Colton & Striker, Jessica
A CATALAN SUBSET OF DESCENDING PLANE PARTITIONS
COLTON KELLER AND JESSICA STRIKER
Abstract. Descending plane partitions, alternating sign matrices, and totally symmetric self-
complementary plane partitions are equinumerous combinatorial sets for which no explicit bijection
is known. In this paper, we isolate a subset of descending plane partitions counted by the Catalan
numbers. The proof follows by constructing a generating tree on these descending plane partitions
that has the same structure as the generating tree for 231-avoiding permutations. We hope this
result will provide insight on the search for a bijection with alternating sign matrices and/or totally
symmetric self-complementary plane partitions, since these also contain Catalan subsets.
1. Introduction
Descending plane partitions with largest part at most n, alternating sign matrices with n rows
and n columns, and totally symmetric self-complementary plane partitions inside a 2n × 2n × 2n
box are each enumerated by the product formula
(∗)
n−1∏
j=0
(3j + 1)!
(n+ j)!
.
This cries out for a bijective explanation, but it has been an outstanding problem for decades to
find these missing bijections. See [1, 2, 5, 8, 10, 11, 12, 14, 20] for these enumerations and bijective
conjectures. Many papers have been written in an effort to reduce the problem; papers relevant to
the descending plane partition portion of the problem include R. Behrend, P. Di Francesco, and
P. Zinn-Justin’s proofs of multiply-refined enumerations of alternating sign matrices and descending
plane partitions [3, 4] and the second author’s bijective map between descending plane partitions
with no special parts and permutation matrices [16]. Descending plane partitions may arguably be
the least natural of these three sets of objects, but they are the only one for which a statistic is
known whose generating function is a q-analogue of (∗). This statistic is particularly nice; it is the
sum of the entries (conjectured in [1] and proved in [10]). Descending plane partitions can be seen
as non-intersecting lattice paths [9] and also as rhombus tilings of a hexagon with a triangular hole
in the middle [7].
Our main result (Theorem 7) isolates a subset of descending plane partitions of order n and
proves it to be enumerated by the nth Catalan number Cn =
1
n+1
(
2n
n
)
. This result is a step toward
better understanding how descending plane partitions relate to the other objects enumerated by
(∗), since there are several known Catalan subsets within those sets. These include link patterns
in fully-packed loops, diagonals of monotone and magog triangles (equivalently, order ideals within
layers of tetrahedral posets [17]), and endpoints of certain nests of non-intersecting lattice paths [6].
We hope that comparing Catalan descending plane partitions with the known Catalan subsets of
alternating sign matrices and totally symmetric self-complementary plane partitions will be helpful
in finding these missing bijections. We also remark that we prove Theorem 7 neither by finding a
bijection to typical Catalan objects, such as Dyck paths or triangulations, nor by showing these
objects satisfy the Catalan recurrence in the usual way. Rather, we use the generating tree approach
of J. West [19], which we have found to be both lovely and useful and should be more widely known.
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The paper is organized as follows. In Section 2, we first define descending plane partitions.
We then define the other objects enumerated by (∗) and discuss their known Catalan subsets. In
Section 3, we identify our Catalan subset of descending plane partitions and state our main result,
Theorem 7, on the enumeration of this subset. In Section 4, we give background on the Catalan
generating tree and 231-avoiding permutations. In Section 5, we prove Theorem 7. Finally, in
Section 6, we discuss some implications of our main theorem.
2. Definitions and background
In this section, we first state definitions related to descending plane partitions. We then define
alternating sign matrices and totally symmetric self-complementary plane partitions and briefly
discuss their Catalan subsets.
Definition 1. A plane partition is a finite subset, P , of positive integer lattice points, {(i, j, k) ⊂
N3}, such that if (r, s, t) ∈ P and (i, j, k) satisfies 1 ≤ i ≤ r, 1 ≤ j ≤ s, and 1 ≤ k ≤ t, then
(i, j, k) ∈ P as well.
A plane partition may be visualized as a stack of unit cubes pushed into a corner as shown
in Figure 1 below. A plane partition may also be represented as a left and top justified array of
integers where each row represents one layer of the plane partition and each integer represents the
number of unit cubes stacked in that column of the layer. For example, Figure 1, left, shows a
plane partition with its corresponding integer array. Note the rows and columns of an integer array
corresponding to a plane partition must be weakly decreasing.
Definition 2. A shifted plane partition is an array of integers weakly decreasing in rows and
columns such that the beginning of each row is shifted to the right by one position relative to the
previous row. That is, it is an integer array as in Figure 2 where each row and column is weakly
decreasing. A strict shifted plane partition is a shifted plane partition with the additional
restriction that each column must be strictly decreasing.
Figure 1, center, shows a strict shifted plane partition.
5 4 3 3 1 1 1
4 3 2 1
4 2 1
2 2
1
6 5 5 4 3 3
3 2 2
1
7 7 5 4 3 2
6 4 2 2 1
3 1
Figure 1. Left: A plane partition, visualized as unit cubes in a corner, with its
corresponding integer array representation; Center: A strict shifted plane partition;
Right: A descending plane partition.
Our main objects of study are the following.
Definition 3. A descending plane partition (DPP) is a strict shifted plane partition with the
additional restrictions that:
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(1) the number of parts in each row is less than the greatest part in that row, and
(2) the number of parts in each row is greater than or equal to the largest part in the next row.
Using the notation in Figure 2, the above conditions are equivalent to:
(1) λk − k + 1 < ak,k, and
(2) λk − k + 1 ≥ ak+1,k+1.
A descending plane partition is of order n if its largest part is less than or equal to n.
a1,1 a1,2 · · · · · · · · · · · · · · · a1,λ1
a2,2 · · · · · · · · · · · · · · · a2,λ2
. . . · · · · · · · · · ...
am,m · · · am,λm
Figure 2. Labeling of positions in shifted, strict shifted, and descending plane partitions.
An example of a descending plane partition is given in Figure 1, right. See Figure 3 for the seven
descending plane partitions of order 3.
∅ 2 3 3 1 3 2 3 3 3 3
2
Figure 3. The seven descending plane partitions of order 3.
In the next section, we define our Catalan subset of descending plane partitions, which we prove
in Theorem 7 to be counted by the Catalan numbers. We finish this section with definitions of the
other objects enumerated by (∗) and a short discussion of their Catalan subsets.
Definition 4. An alternating sign matrix is a square matrix with entries in {0, 1,−1}, row and
column sums equal to 1, and the additional restriction that the nonzero entries alternate in sign
across each row and column.
0 0 0 1 0 0
0 1 0 –1 0 1
1 –1 0 0 1 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0

4
2 6
1 5 6
1 2 5 6
1 2 3 5 6
1 2 3 4 5 6
Figure 4. Left: An alternating sign matrix; Center: Its corresponding monotone
triangle; Right: Its corresponding fully-packed loop configuration.
An example alternating sign matrix can be seen in Figure 4, left. Note any permutation matrix
is also an alternating sign matrix. The seven 3× 3 alternating sign matrices are given in Figure 5. 1 0 00 1 0
0 0 1
  0 1 01 0 0
0 0 1
  1 0 00 0 1
0 1 0
  0 1 01 –1 1
0 1 0
  0 0 11 0 0
0 1 0
  0 1 00 0 1
1 0 0
  0 0 10 1 0
1 0 0

Figure 5. The seven 3× 3 alternating sign matrices.
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Alternating sign matrices are in bijection with monotone triangles and fully-packed loop configu-
rations. See Figure 4 for an example; see also [13]. Each length n northwest to southeast diagonal of
a monotone triangle is a weakly increasing sequence of integers x1, x2, . . . , xn such that i ≤ xi ≤ n;
these are counted by the nth Catalan number Cn. Also, each fully-packed loop configuration of or-
der n has an associated link pattern, which is the noncrossing matching on its 2n external vertices;
these are also counted by Cn.
Definition 5. A plane partition is totally symmetric if whenever (i, j, k) ∈ pi, then all six
permutations of (i, j, k) are also in pi. A plane partition is self-complementary inside its a× b× c
bounding box if it is equal to its complement in the box, that is, the collection of empty cubes in
the box is of the same shape as the collection of cubes in the plane partition itself.
6
4 5
3 4 5
2 3 5 6
1 2 3 4 6
1 2 3 4 5 6 ·•·•·•·••·◦•
········◦
······◦
····◦
··◦
◦
Figure 6. Left: A totally symmetric self-complementary plane partition inside a
12×12×12 box; Center: Its corresponding magog triangle; Right: Its corresponding
nest of non-intersecting lattice paths.
An example totally symmetric self-complementary plane partition can be seen in Figure 6, left.
The seven totally symmetric self-complementary plane partitions inside a 6 × 6 × 6 box are given
in Figure 7.
Figure 7. The seven totally symmetric self-complementary plane partitions inside
a 6× 6× 6 box.
Totally symmetric self-complementary plane partitions inside a 2n×2n×2n box are in bijection
with magog triangles and certain non-intersecting lattice paths. See Figure 6 for an example; see
also [18]. Each length n northwest to southeast diagonal of a magog triangle is a sequence of
integers x1, x2, . . . , xn such that i ≤ xi ≤ n and xi+1 ≤ xi + 1; these are counted by Cn. The
number of possible sequences of dots and blank spots across the bottom row of the non-intersecting
lattice path representation is also counted by Cn, via a bijection to Dyck paths.
3. Catalan descending plane partitions
In this section, we identify a subset of descending plane partitions that can be counted by the
Catalan numbers and state our main result, Theorem 7. We will prove this theorem in Section 5
using the Catalan generating tree, discussed in Section 4.
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Definition 6. A Catalan descending plane partition (Catalan DPP) is a one-row descending
plane partition a1,1 a1,2 · · · a1,λ1 such that each entry satisfies a1,j ≤ a1,1 − j + 1.
The Catalan descending plane partitions of order 4 are shown in Figure 8.
∅, 2, 3, 3 1, 3 2, 4, 4 1, 4 2, 4 3, 4 1 1, 4 2 1, 4 3 1, 4 2 2, 4 3 2
Figure 8. The 14 Catalan descending plane partitions of order 4.
Our main theorem justifies the naming of these objects.
Theorem 7. Catalan descending plane partitions of order n are counted by the nth Catalan number
Cn =
1
n+ 1
(
2n
n
)
.
In our proof of Theorem 7, we will represent Catalan descending plane partitions as paths.
Definition 8. A Catalan DPP path of order n is a sequence of entries in {−1, 1} with at most
n−1 ones such that the left-to-right partial sums are nonnegative and the total sum is greater than
zero (if the sequence is non-empty).
A list of the first 14 Catalan DPP paths is given in Figure 9.
∅, 1, 11, 11-1, 1-11, 111, 111-1, 11-11, 1-111, 111-1-1, 11-11-1, 1-111-1, 11-1-11, 1-11-11
Figure 9. The 14 Catalan DPP paths of order 4, in order corresponding to Figure 8
via the bijection of Lemma 9.
Catalan DPP paths are in natural bijection with Catalan DPPs.
Lemma 9. Catalan DPPs of order n are in bijection with Catalan DPP paths of order n.
Proof. The empty Catalan DPP ∅ corresponds to the empty Catalan DPP path ∅. For nonempty
Catalan DPPs, following the convention in the definitions of the previous section, we are interested
in the southwest wall projected onto a grid; see Figure 10. This side view of the Catalan DPP
nicely corresponds with the numeric representation, in that each entry a1,j of the Catalan DPP is
represented as a set of a1,j boxes aligned with the bottom-left of the graph in sequential order.
Consider the path formed by tracing the upper edge of the projected Catalan DPP from upper
left to lower right. Representing this path as a sequence of 1’s and −1’s, where each −1 corresponds
to a move to the right and each 1 corresponds to a move down, we attain a word beginning with a
−1 and ending with a 1. Note that there cannot be a move down without first a move to the right
to define the top of the first set of boxes, and there must be a final descent to finish the Catalan
DPP on the last entry. Ignoring these first and last entries, we have a valid Catalan DPP path.
Each −1 in a Catalan DPP path corresponds to an increase in the j component of each a1,j of the
Catalan DPP, so the requirement of partial sums greater than or equal to zero corresponds to the
Catalan DPP requirement that a1,j be less than or equal to a1,1− j + 1. The requirement that the
sum of each Catalan DPP path be greater than zero ensures that the Catalan DPP represented by
the path is a valid DPP with the length of each row less than the largest part in the row. This
process is clearly invertible, and is thus a bijection. 
See Figure 10 for an example of this bijection.
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432 ⇔ ⇔ ⇔ -11-11-111 ⇔ 1-11-11
Figure 10. An example of the bijection between a Catalan DPP and its Catalan
DPP path.
4. 231-avoiding permutations and the Catalan generating tree
To prove Theorem 7, we will use the Catalan generating tree to show that Catalan DPP paths
are in bijection with 231-avoiding permutations, which are known to be counted by Cn.
Definition 10. A 231-avoiding permutation is a permutation σ = σ1σ2 · · ·σn with no triple of
indices {i, j, k} such that i < j < k and σk < σi < σj .
It is well-known that permutations of n avoiding any permutation pi ∈ S3 are counted by Cn;
for example, see [15]. We give below a proof for the case pi = 231.
Lemma 11. 231-avoiding permutations in Sn are counted by Cn.
Proof. Let Xn denote the number of 231-avoiding permutations of Sn. It is clear that if σ ∈ Sn is
a 231-avoiding permutation, then any σi · · ·σj for 1 ≤ i ≤ j ≤ n, is also a 231-avoiding permutation
(when each σk is standardized to fall between 1 and j − i + 1 while maintaining relative order).
Suppose σp = n. We may break σ at position p into permutations σ1 · · ·σp−1 and σp+1 · · ·σn
(allowing the empty permutation), which are still 231-avoiding when standardized. This gives the
Catalan recurrence relation Xn =
n∑
p=1
Xp−1Xn−p, X0 = 1, since we obtain two new 231-avoiding
permutations of length p− 1 and n− p. 
In [19], J. West describes a generating tree whose nodes are in bijection with 231-avoiding
permutations. The structure of these trees can be described as follows:
Definition 12. To construct the Catalan generating tree, begin with the first node at level
n = 0. If a node is at level n, we say its children are at level n+ 1, and its parent is at level n− 1.
To determine how many children each node should have, if a node is in the pth position from the
left among its siblings, it will have p + 1 children. The convention for the node at level n = 0 is
that it has one child.
Lemma 13 ([19]). The number of nodes at level n in the Catalan generating tree is Cn.
Proof. The nodes of the Catalan generating tree will be populated with 231-avoiding permutations
following West’s procedure given in [19]. First, the root (level n = 0) will be labeled with ∅. The
nodes at level n for n ≥ 1 will be 231-avoiding permutations of length n. The children of each
node will be found by inserting n into the permutation at all valid locations that maintain the 231-
avoiding property, starting from left to right. By doing this, we ensure that each node generated
is a valid 231-avoiding permutation. We say that σi is a left-to-right maximum of σ if σi > σk for
all k < i. The valid locations for insertion are immediately to the left of a left-to-right maximum
or at the end of the permutation. This will generate every 231-avoiding permutation for a given
n. Inserting the new n into the permutation affects the descendants predictably. If a node has k
left-to-right maxima, it will have k + 1 children (the additional child comes from adding the n to
the end of the permutation) that each have 1, 2, 3, · · · , k+ 1 left-to-right maxima, respectively, and
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so 2, 3, 4, · · · , k + 2 children, respectively. This pattern follows exactly the structure of Catalan
generating tree as defined above, and so the Catalan tree nodes at level n are counted by Cn, as
desired. 
The start of the Catalan generating tree is shown in Figure 11, and the correspondence with
231-avoiding permutations can be seen in Figure 12.
1
2
2
2
2 3
3
2 3 4
3
2
2 3
3
2 3 4
4
2 3 4 5
...
Figure 11. The first five levels of the Catalan generating tree described in [19].
Each node is labeled with the number of children it has.
∅
1
21
321
4321 3214
213
4213 2143 2134
12
312
4312 3124
132
4132 1432 1324
123
4123 1423 1243 1234
...
Figure 12. The first five levels of the Catalan generating tree with nodes labeled
by the 231-avoiding permutations.
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5. Proof of Theorem 7
We will obtain a bijection between Catalan DPPs and 231-avoiding permutations through Cata-
lan DPP paths by constructing a generating tree with Catalan DPP paths as the nodes. The nth
level of this tree will consist of all the Catalan DPP paths of order n; see Figure 13.
Definition 14. To construct the Catalan DPP path generating tree, begin with the topmost
node, which will be ∅. To determine the children of a given Catalan DPP path P , we have the
following three cases.
• Case P = ∅: We must check to see if P has a parent. If P has a parent, its children will
be ∅ and 1. If P does not have a parent, it will have one child, ∅.
• Case P 6= ∅ and P contains a -1: The rightmost of P ’s children will be P with an
additional pair 1 -1 inserted directly before the first occurrence of -1 in P . This produces
a valid Catalan DPP path, since the total sum of the child Catalan DPP path will remain
the same or increase, and adding a sequence of 1-1 will not produce a partial sum less than
the previous partial sum. Clearly, inserting a 1 anywhere in the Catalan DPP path will
produce another valid path. After this first child is generated, the remaining siblings from
right to left can be found by shifting the position of the leftmost -1 one position further
left, unless doing so would cause the path to no longer be a valid Catalan DPP path (in
other words, unless the -1 would be shifted to the left of the first 1).
• Case P 6= ∅ and P contains no -1: The rightmost of P ’s children will be P with
an additional 1 inserted at the end. The next sibling Catalan DPP path can be found by
appending a -1 to the end of the rightmost child Catalan DPP path. The remaining siblings
can be found by shifting this -1 left as far as possible, as before.
To prove Theorem 7, we show that the Catalan DPP path generating tree is in bijection with
the Catalan generating tree, discussed in the previous section.
Proof of Theorem 7. It is clear that the first three levels of the Catalan DPP path generating tree
are in bijection with the Catalan generating tree, and each leftmost node except the first will always
have two children, as the leftmost node is always ∅. To see how the position of each node relative
to its siblings determines how many children it will have, we will consider two sibling nodes, A and
B, immediately next to each other with A being on the left and B being on the right. To see how
B will always have one more child than A, there are three cases to consider:
• Case A = ∅ and B = 1: It is clear that A’s children will be 1 and ∅. B’s children from
right to left will be 11, 11-1, and 1-11. Thus B has one more child than A, as desired.
• Case A,B 6= ∅ and B contains no -1: It is clear from the way that the tree is constructed
that B will have the same number of 1’s as A. The first of B’s children from right to left
will be B with an additional 1 appended to it. The second child of B will be the same as
the first with an additional -1 appended to it. This second child of B will be the same as
the first child of A after removing the last -1 from the child of A. Clearly, there will be the
same number of remaining siblings generated for each of the cousin nodes, as there are the
same positions available for the leftmost -1 to be shifted to. Thus, B has one more child
than A.
• Case both A and B contain a -1: The leftmost -1 of A will be one position further left
than the leftmost -1 of B, due to the way A is generated from B. Thus, after inserting
the 1 -1 to generate the first children of both A and B, there will be one additional sibling
generated for the first child of B compared to the first child of A, so B has one more child
than A.
In all of these cases, B has one more child than A due to its position relative to A, just as each
node in the Catalan tree has one more child than its closest sibling to the left. This ensures the
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structure of the Catalan DPP path tree generated is the same as that of the Catalan generating
tree.
To show that this mapping is one-to-one, we will show that each node can only have one unique
parent, and so every node must be unique on that level of the Catalan DPP path generating tree.
For any node C in the tree, it is clear that it is distinct from each of its siblings due to the way the
tree is constructed. To find the parent of C, we must perform the process of constructing the tree
in reverse. If C is ∅, clearly its parent is ∅. Otherwise if C contains no -1’s, its parent is C with
one of its 1’s removed. There are clearly no duplicate parents possible in this case. If C contains a
-1, its parent can be found by removing the leftmost 1 and leftmost -1 from C. It is clear that any
other node than this could not generate C as a child, as each 1 and -1 removed from C were to the
left of any other -1’s in C. Also, the parent of C found with this method must generate C. Thus,
each node in each level could only have one unique parent and could not have appeared anywhere
else in that level.
To show that every Catalan DPP path is contained in the Catalan DPP path generating tree,
suppose there exists some Catalan DPP path, D, of order n, that is not present in the nth level of
the Catalan DPP path tree. It is clear that D cannot be ∅ since ∅ is present at each level of the
Catalan DPP path tree. Therefore, D contains at least one 1 and less than or equal to n 1’s and
could contain any legal number of -1’s. It is now clear that the method used to find the hypothetical
parent of D as above can be validly applied to D. Applying this method will always produce a
new node that can have this method applied to it, or ∅ as the parent of D. If D has d 1’s, it has at
most (d − 1) -1’s. Also, applying the parent-finding method recursively always yields a new node
with one less 1 and one less -1 or zero -1’s. Applying this parent-finding method d times, we will
have found ∅ as an ancestor of D. But if ∅ is an ancestor of D, this would clearly have generated
a path to D, therefore D is in the Catalan DPP path generating tree.
Thus, every Catalan DPP path is present in its appropriate level of the Catalan DPP path
generating tree, and there are no duplicates at any specific level. This mapping is one-to-one and
onto, so therefore is a bijection, so by Lemma 13, Catalan DPP paths of order n are counted by
Cn. Applying Lemma 9 that Catalan DPP paths are in bijection with Catalan DPPs, we see that
Catalan DPPs of order n are also counted by Cn. 
6. Discussion
Though our proof of Theorem 7 relied on expressing Catalan DPPs in path form, we can
now see the Catalan generating tree structure directly on Catalan DPPs. Given a Catalan DPP
a1,1 a1,2 · · · a1,λ1 , construct its children by incrementing a1,1 and inserting a new number between
the first two numbers in all possible ways. For example, the Catalan DPP 6 4 2 2 has children,
from right to left, 7 4 4 2 2, 7 5 4 2 2, and 7 6 4 2 2. A general Catalan DPP a1,1 a1,2 · · · a1,λ1
will have exactly a1,1 + 1− a1,2 children, which will all be of the form (a1,1 + 1) x a1,2 · · · a1,λ1 for
all integers x such that a1,1 + 1 ≥ x ≥ a1,2. See Figure 13.
We hope that comparing the Catalan descending plane partitions presented in this paper with the
known Catalan subsets of alternating sign matrices and totally symmetric self-complementary plane
partitions (briefly discussed in Section 2) will be helpful in finding the missing explicit bijections
among these three sets of objects enumerated by (∗). One challenge is that, in contrast to the
Catalan objects on the other two sets, it is not clear how to associate a Catalan DPP to each non-
Catalan descending plane partition in a natural way. One would hope to map a Catalan DPP to a
each DPP such that the distribution over all descending plane partitions of order n would match one
of the Catalan distributions on alternating sign matrices or totally symmetric self-complementary
plane partitions. This has not been achieved, but there is potential that it yet may.
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∅ ∅
∅
∅ ∅
1
1
1-11
11-1
11
1
1-11
1-11-11
11-1-11
11-1
1-111-1
11-11-1
111-1-1
11
1-111
11-11
111-1
111
∅ ∅
∅
∅ ∅
2
2
3 2
3 1
3
2
3 2
4 3 2
4 2 2
3 1
4 3 1
4 2 1
4 1 1
3
4 3
4 2
4 1
4
Figure 13. Left: The first five levels of the Catalan DPP path generating tree,
rotated for easier spacing; Right: The same tree with each node replaced by the
corresponding Catalan DPP. The same structure can be seen as in Figure 11.
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